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The optimum design of a powerful thin-disk laser implies a compromise between amplified spontaneous emis-
sion (ASE), overheating, and the round-trip losses. The power enhancement of a composite thin-disk laser
made of an undoped layer bonded over a thin active layer to reduce ASE losses is estimated analytically. Scal-
ing laws for the parameters of a disk laser are suggested for cases both with and without an anti-ASE cap.
Predictions of the maximal power achievable for a given laser material are compared to the published experi-
mental data. The anti-ASE cap allows an increase of the maximal output power proportional to the square of
the logarithm of the round-trip loss. © 2008 Optical Society of America

OCIS codes: 140.3580, 140.5810.

1. INTRODUCTION

Disk lasers are under intensive research for both
continuous-wave [1-7] and pulsed operation [8-11]. Such
a geometry allows efficient heat sink with small wave-
front distortions and is believed to be one of the most
promising architectures for the high-average-power laser
[2,3,5-7]. The optimum design to maximize the power
limit results from an interplay between heating, round-
trip losses, and amplified spontaneous emission (ASE)
[12].

The anti-ASE cap, Fig. 1, was proposed to suppress the
ASE and increase the maximum power [6]. The anti-ASE
cap is a layer of undoped material that is index matched
and bonded to the active layer underneath to form a com-
posite structure. This cap prevents the trapping of spon-
taneous emission inside the active layer. The active layer
remains in contact with the heat sink for efficient heat re-
moval. The undoped layer may be several times thicker
than the active layer. Its thickness may be of the order of
L/2, and we suppose it is thick enough to neglect ampli-
fication along bouncing rays. This layer also may improve
the mechanical stiffness of the disk and mitigate thermal
deformations.

In this paper, we estimate the increase of the maximal
output power of a disk laser due to the presence of an un-
doped layer used as the anti-ASE cap. In Section 2, we up-
date the expression of the effective lifetime of the excita-
tions of the active medium for the case of the thin disk
with the ASE cap. Within our model, this lifetime is the
only parameter that needs to be updated. We also define
dimensionless variables useful for the analytical esti-
mates. In Section 3, we derive the analytical estimates for
the optimized parameters of the thin disk with the anti-
ASE cap at a given value of background loss. The design
parameters are the transverse size, the thickness of an
active layers and the transmission of the output coupler.
In Section 4, a comparison is made for the two cases with
and without an anti-ASE cap. An analytical expression
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for the enhancement of the power due to the anti-ASE cap
is provided. In Section 5, we verify our predictions using
recent experimental data. In Section 6, we summarize our
results. In Appendixes A-D, we provide the deduction of
the expressions for the parameters of the optimized disk
lasers.

2. EFFECTIVE LIFETIME AND
DIMENSIONLESS PARAMETERS

We use a simple model [12,13] for the active material.
This model indicates [12] the importance of reduction of
the loss [14] for the power scaling; this loss, together with
the heat generation [15,16] determines the maximal
power achievable at given geometry. Usually, the loss is
assumed to be considerably low [17—20]. The goal of this
paper is to justify such an assumption with a simplest
model. Details of the model of the active medium can be
found in [12]. Following [4,12], the effective lifetime for
the uncovered disk laser is estimated as 7=7, exp(-GL),
where G is gain, L is transversal size, and 7, is the radia-
tive lifetime of the upper level of the laser transition of a
single active center (for example, a Yb%*) without the
ASE.

Rigorously, the estimate of the effective length of the
ASE above is correct only for a photon emitted in the cen-
ter of the sphere of the radius L. However, the photons
emitted in the vicinity of the boundary have an opportu-
nity to get a path of order of 2L. At large values of gL, the
exponential growth the ASE emitted toward the center of
the active medium greatly compensated the lack of a path
of photons emitted in the opposite direction. Therefore,
just L seems to be a reasonable estimate for the effective
length. The introduction of an additional adjustment pa-
rameter would require detailed consideration and would
complicate analysis. A similar note refers to the case with
the anti-ASE cap considered below; in both cases, our
analysis gives the rough estimate. Such estimates allow
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Fig. 1. (Color online) Left: uncovered thin disk laser. Right: disk with the anti-ASE cap. The external coupler is not shown in the figure.

us to reveal the scaling laws for disk lasers, but they can-
not substitute the detailed numerical simulations.
Through the lifetime 7 the ASE affects the threshold Py,
and therefore, the output power P,.

In the composite disk with the anti-ASE cap, most of
the spontaneous emission leaves the active medium with-
out significant amplification. While thickness A is small
compared to L (Fig. 1), only a small fraction of the ASE
directed into the angle of order of h/L propagates in the
plane of the disk and is strongly amplified in the gain me-
dium. The effective decay rate 1/7 can be estimated as the
sum of the spontaneous emission and the ASE into angle
h/L:

1 1 hexp(GL)
s e (1)
T 1, L 7,

The signal output power can be estimated as [12]
PS=7’0(1_,B/g)(Pp_Pth)’ (2)

where P, is the absorbed pump power and Py, is the
threshold pump power, 7,=w,/w, is the ratio of the fre-
quencies of the signal and the pump and g=2G# is round-
trip gain.

The laser material can be characterized with four pa-
rameters: 7,, round-trip loss B; saturation intensity @,
and thermal loading parameter R [12]. Then, the maximi-
zation of the output power under the condition P,
=RL?/h leads to the estimate of the limit of the power
scaling of the disk lasers in terms of the key parameter
Py=7,R%/(QB°%). The same parameters R and @ deter-
mine also the length scale r,=R/@Q; optimal sizes L and h
are proportional to r, [12].

Here, we neglect the gradual drop of efficiency due to
the rise of the temperature [17-20]. In this approxima-
tion, the maximum performance corresponds to P,
=RL?/h [12]. We define the power scale P;=R?/@ and the
dimensionless parameters:

p=Py/Py, s=PJ/(nPq), u=GL, g=2Gh, (3)

which are normalized pump power, normalized output
power, transverse-trip gain and round-trip gain, respec-
tively (see Table 1). These normalized powers p and s

should not be confused with normalized intensities by
[13]. The threshold power can be estimated with Py,
=g(L2/r§)(TO/ 7)P4. The normalized output power can be
estimated (Appendix A) as follows

B g
(1Pl i) “

This expression is valid for both uncovered and composite
disk lasers.

3. OPTIMIZED PARAMETERS OF THE
COMPOSITE THIN-DISK LASER

In the case with the anti-ASE cap, we use the transverse-
trip gain u=GL=gL/(2h) for parametrization of graphics.
The optimal design corresponds to the thickness & (or
transverse size L) adjusted in such a way that the ab-
sorbed pump power P, brings the medium close to over-
heating (or thermal fracture), determined with the ther-
mal loading parameter R. Then, for optimized
parameters, we obtain (see Appendix C)

(u _ 3)5€4u,3
32u(6u - 2 - Bue“(u—3))

p. (5)

The solution u of Eq. (5) versus normalized pump p is
plotted in Fig. 2 with solid lines for various values of S.
For comparison, at the same graph we also show the op-
timal u for the uncovered disk laser with a dashed hori-
zontal line. Corresponding values of g, L, h, and s are
shown in Figs. 3-5 with thick solid lines and curves. The
physical (dimensional) values can be recovered using

Table 1. Example of Optimization for P3=0.5 W
and ry,=0.1 mm

Cap Yes No Yes No
Bl % 1 1 0.1 0.1
0/ % 1 0.3 1.3 0.4
P /kW 225 26 435 390
L/mm 200 130 100 120
h/um 400 460 100 200




340 J. Opt. Soc. Am. B/Vol. 25, No. 3/March 2008

U
91 20001
8 DI
2 71/ | —
6 /76—0
: — f|=0.01
1 ————03-0.]
—
3
2
- —_— Pp
Lo 10 10° 10> P =P,

Fig. 2. (Color online) Dashed: optimal level of the transverse-
trip gain u=2 for uncovered disk lasers. Solid: transverse-trip
gain u optimized for a given pump power versus normalized
pump power p at =0.1, 0.01, and 0.001 for the disk with the
anti-ASE cap by Eq. (5). Circles show the values corresponding to
the maximum output power achievable at each of these B for
each of the configurations (with and without the anti-ASE cap).
The thin solid line shows Eq. (6) for a disk with the anti-ASE cap
at $=0.001. (For Yb:YAG, P;~0.5W.)

Eq. (3). Examples of such recovery are shown in Table 1.
At B<1 and given p, the maximum output corresponds
to

1 p :8 1/4
u=—In—, g~4<—) , (6)
4 B p
8ry 1/4,.3/4 16r, —
L~—p5"p", h= \Bp. (7)
In— In—
B B

The asymptotic estimate for u by Eq. (6) at 8=0.001 is
shown in Fig. 2 with a thin solid line. It is close to the “ex-
act” solution of Eq. (5).

The maximal output power and corresponding values of
other parameters can be expressed asymptotically, using
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Fig. 3. (Color online) Thick dashed: optimized round trip gain g
versus normalized pump power p=P,/P; at §=0.1, 0.01, and
0.001 (uncovered disk). Solid: g versus p at the same values of 8
for the disk with the anti-ASE cap. The thin dashed line at the
bottom represents the estimate (16) for the uncovered disk at 8
=0.001. Circles correspond to maxima of normalized output
power at a given B. (For Yb:YAG, Pyj~0.5W.)
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Fig. 4. (Color online) Dashed: optimized size L (thin) and thick-
ness A (thick) versus normalized pump power p for 8=0.1, 0.01,
and 0.001 (uncovered disk). Solid: the same for the disk with the
anti-ASE cap. (For Yb:YAG, r,~=0.1 mm, P4=0.5W.)
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as a small parameter (Appendix B):
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Fig. 5. (Color online) Dashed: normalized output power at opti-
mized values of L, h (thick) versus normalized pump p at u=2 for
B=0.1, 0.01, and 0.001 (uncovered disk); the maximal power
scales up as 1/8°. Solid: similar curves for a disk with the anti-
ASE cap for the same values of B. Thick circles indicates maxima
of the output power. Thin circles for the disk laser with the anti-
ASE cap correspond to the leading term of the asymptotic esti-
mates (13) and (14). (For Yb:YAG, P3=~0.5W.)
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ro(3 11 >\
~§ E 1+?8+O(8) , (12)
3 ’ 1 2))-1
s = E m(1+28+0(8 )) 5 (13)
3\ 1 3 2\
p= E @ 1+58+O(8) . (14)

The leading term of each of these expansions is shown
with a thin circle in Fig. 5 for 8=0.1, 0.01, and 0.001. Pa-
rameter ¢ depends on the loss B logarithmically, so, it is
not very small. The realistic values are 0.1<e<0.3. For
the robustness of the estimates with the first two terms of
the asymptotic expansions, they are written in such a way
that the partial sum remains positive, even at ¢~ 1.

At the maximum output power, the round—trip gain is
~4/3 of the surface loss, and the quantum efficiency does
not exceed 1/8 (as in the case without the cap). The
asymptotic estimate (pmax cap>Smax,cap) for values 8=0.1,
0.01, and 0.001 are shown in Fig. 5 with thin circles. The
estimates (13) and (14) can be used as the upper bound of
the power of a thin-disk laser with the anti-ASE cap.

4. COMPARISON OF PERFORMANCE
BETWEEN CASES WITH AND WITHOUT CAP

In this Section, the maximal power of an uncovered disk
laser (Fig. 1, left) is compared to that of the disk with the
anti-ASE cap (Fig. 1, right). For an uncovered laser disk,
the maximum output corresponds to u=2 (see [12] and
Appendix B). Then, the maximization of s with respect to

g gives
16/e? (,3)4 ; .
m ; =pGp. (15)

The solution g of this equation is plotted versus g in Fig. 3
with dashed lines for the values $=0.1, 0.01, and 0.001.
(The solid lines correspond to the case with the anti-ASE
cap.) As B decreases, the normalized pump power p may
scale up as 873, keeping constant the right-hand side of
Eq. (15). Then, the round-trip gain scales down as 8, in
order to keep constant the left-hand side of Eq. (15). For
example, in Fig. 3, the dashed line for 8=0.01 is just the
same as the line for 8=0.001 shifted to the left by three
steps of the grid and up by one step of the grid.

In the logarithmic scale, the curves in Fig. 3 are almost

straight:
16 B 1/4 B 1/4
=~|—— =12(—| . 16
¢ (36219) <p> 1o

For 8=0.001, this estimate is shown in Fig. 3 with a thin
dashed line at the bottom. A similar scaling law takes
place for the width L of the disk and its thickness 4 (Fig.
4):

r B 1/4
I~ o <§> p3/4 ~ 0.63,,031/41)3/4’ (17)
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1/2
To (B 1/2.1/2
h=—|—-p =~ 0.58r,8"p"~. (18)
2e\ 3
The maximum s corresponds to
4
u=2, g=2p, (19)
3
ro (32 r, 3
L=Lmax=@ E ) h=hmax=gﬁ, (20)

1/3)\3 1 /3)\3
= =5 9l 5 = Smax = Py 21
P = Pmax 862 B S =Sma 6462 B ( )

These “maximal” values are shown in Figs. 2-5 with
circles. In both cases, asymptotically, the maximum out-
put implies low efficiency (less than %), but in the case
with the cap, the maximal power has an additional factor

62
= E[l +2e+ 0(82)]_1, (22)

Smax,cap

Smax

where ¢ is defined with Eq. (8). Since the processes, ne-
glected in the deduction, affect the output power in a
similar way in both cases, we expect this estimate to be
particularly reliable, especially at small values of B; tak-
ing into account only the leading term in the expansion of
Eq. (22) gives reasonable estimate.

The estimates (13) and (21) of the maximal power
achievable at a given B are very sensitive to 8. The same
expressions give robust estimates on how small 8 should
be in order to achieve some required output power P. For
the case without the cap [12], for a given s, the loss B
should not exceed value:

B=—5=s"13. (23)

For the case with the cap, the loss should not exceed

3 1/3
B= (ﬁ) (In(256s))%3. (24)

These estimates are shown in Fig. 6. The thin line shows
B=s13, which comes from equating Ps=Py. It is the rough
estimate without coefficients. It might apply to both cases
with the cap and without the cap. The thick dashed curve
shows the case without the undoped cap and the thick
solid curve shows the case with the anti-ASE cap. The
circles correspond to various experiments with disk lasers
discussed in Section 6. Although the consideration above
predicts the increase of the maximal power achievable in
thin disk lasers due to the anti-ASE cap, the question
about its application is rather generic than scientific.
First, the decrease of the round-trip loss 8 may be less ex-
pensive than the application of the thick cap. Also, in or-
der to suppress the bouncing rays, the thickness should
be comparable to the size L of the pumped region. Then,
the deformation, stress, thermal lensing, and aberrations
(not considered here) may also become limiting factors.
Here, we consider only the simplest model, which does not
contradict the published experiments and numerical
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Fig. 6. (Color online) Estimates of the upper bound for the

round-trip loss B required for the desired output power P of a
thin-disk laser versus s=(Ay/\,)(Ps/Pg). Thin solid curve: B
=53, rough estimate without any coefficients. Thick dashed
curve: Eq. (23) for the case without the cap. Thick solid curve:
estimate (24) for the disk laser with the anti-ASE cap. Circles
correspond to various lasers, and the digit in each circle indicates
the row number (last column) in Table 2.

simulations. Within this model, all disk lasers with an un-
covered active layer should have a background loss less
than the upper bound in Eq. (23), shown with a dashed
curve in Fig. 6. Lasers with the anti-ASE cap should have
a loss less than the upper bound in Eq. (24), shown with
the thick solid curve.

5. COMPARISON WITH EXPERIMENTS

Usually, direct measurements of the parameter 8 are not
reported in the literature. However, B can be estimated
using the slope efficiency 7, the efficiency of the absorp-
tion of the pump 7,, and the output coupling 6. Following
Eq. (1.39) of [21], we write the estimate:

B= 01,74/ 75-1).

We recover B from published results using Eq. (25) and
build up Table 2. The resulting values of B and s are
shown in Fig. 6. They are consistent with the limit by
[12]. The significant increase of R and the reduction of
in row 3 of Table 2 is mainly due to the reduction of the
quantum defect.

In row 9, we had to guess values of # and 7,. These pa-
rameters are not specified in [25,26]. We guessed them

(25)
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from other publications and using the qualitative esti-
mate in Eq. (25). The data for the output power make us
reconsider the estimate for the thermal loading param-
eter R; the value in Table 2 is four times that used in the
estimates by [12]. Such upgrade means the increase of the
maximal power achievable with this laser material. The
new data [22—-26] reported after the publication [12], also
do not contradict the estimate (20).

The high efficiency indicates that the design of such a
laser is close to optimal, therefore thickness 4 and trans-
versal size L can be guessed from the scaling laws (17)
and (18). In this case, r,=R/Q=0.5 mm, then the esti-
mate gives h=0.3 mm and L~8 mm. Similar values can
be obtained also from Fig. 4.

Figure 6 confirms the power limit by [12]. All the ex-
perimental circles are below the dashed curve, which
shows the general limit for the uncovered disk lasers. We
expect careful measurements of the quantities of @, R,
and B would allow a more precise confirmation of our up-
per bound for the loss B.

6. CONCLUSIONS

The performance of the uncovered disk laser and that
with the anti-ASE cap were estimated analytically. The
minimal model developed in [12] was used to estimate the
output power in terms of size L, thickness A, round-trip
gain g, and round-trip loss B. Table 3 describes the nota-
tions used in this paper. The power scaling of a thin disk
laser implies the scaling up of L and i and the scaling
down of the round-trip gain g. To maintain a constant ef-
ficiency, the background loss B should also be scaled
down.

The scaling laws (15)—(18) and Egs. (6) and (7) are sug-
gested for the parameters, optimized at a given loss 8 and
a given pump p, for both the case of the uncovered disk
laser and for the disk with the anti-ASE cap. Dimension-
less graphics for these parameters are shown in Figs. 2-5.

The scaling laws (19)—(21) and Eqs. (10)—(14) are sug-
gested for the maximum output power at a given g for the
same two cases. At the power scaling, the loss should be
scaled down as the inverse of the cubic root of the desired
output power of the uncovered disk laser, and a little bit
slower for the disk with the anti-ASE cap.

The upper bounds in Eqgs. (23) and (24) for the round-
trip loss B in a disk laser at a given output power are sug-

Table 2. Various Lasers at the B,s Diagram

Row

Material h Ay Ng R Q o 0 Na s P, Reference Py B s Number

. Watt kW
Unit mm nm nm — % % % %  Watt Watt %

mm cm

3% Yb:Lu,0O3 0.25 976 1080 8 35 904 04 95 75 33 [22] 0.15 0.06 237 1
3% Yb:Lu,O3 0.25 976 1080 8 35 904 16 95 80 32 [22] 0.15  0.12 231 2
3% Yb:Lu,O3  0.25 976 1034 14 12 944 57 95 72 26 [22] 151 1.51 18 3
25% Yb:LSB 0.30 974 1040 3 36 940 1.0 99 48 40 [23] 0.03 1.38 1702 4
20% Yb:LSB 0.30 974 1040 3 36 940 10 96 38 36 [23] 0.03 094 1532 5
8% Yb:YAG 0.25 941 1030 20 5 91.2 1.0 95 56 480 [5] 0.68 0.2 66 6
9% Yb:YAG 0.25 941 1030 20 5 912 20 95 60 647 [5] 0.68 0.2 89 7
10% Yb:YAG 0.20 940 1030 20 5 914 3.0 95 56 520 [24] 0.68 1.10 71 8
Yb:YAG 0.1 940 1030 20 5 914 3.0 95 70 5000 [25,26] 0.68 0.75 720 9
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Table 3. Notations and Basic Formulas

ASE Amplified spontaneous emission
G Gain [12]

g=2Gh Round-trip gain [12]

h Thickness of the disk, Fig. 1

L Size of the disk, Fig. 1

P,=R%/Q (~0.5W)
P =R%7,/(QB%

Power scale [12]
Key parameter [12]

P, Absorbed pump power (A6)
P, Output power (A1)

ﬁpr2
Pu= Threshold power (A2) [12,21]

Signal power (2) (output power)
Normalized pump power (3)
Saturation parameter [12]

Ps:ﬂo(l_ﬁ/g)(Pp_Pth)
p=Pp/Pd
Q=hw,/(27,04)

R =min 3R/, Thermal loading [12]
2RAT ox! T
ro=P/Q Scale of size [12]
s=Py/(n,Py) Normalized output power (3)
u=GL Transverse-trip gain [12]
B Background surface loss (2)
3
e=1/In /_3 Small parameter (9)
m=1-7, Heat generation parameter
7= w5/ W, Quantum limit of efficiency [12]

=1, exp(-GL) Effective lifetime [12]

1 2h -t
=\ —+ 7 xPGL) | Fffective lifetime (1)

o

To Lifetime of the upper manifold (1)
o, Emission cross section (A2)
wp, W Frequencies of pump and signal (A2)

gested for both cases (thick curves in Fig. 6). The improve-
ment of the performance of an optimized thin disk laser
by the anti-ASE cap can be characterized by the increase
of the maximal output power achievable at a given round-
trip loss B. The maximal power in the case with the anti-
ASE cap has an additional factor of the order of
0.21n(3/8)?, according to the estimate in Eq. (22). Even
with the anti-ASE cap, the reduction of the loss 8 remains
an important condition of the power scaling of disk lasers.

The upper bound for the loss in Eq. (23) is consistent
with published data. The careful measurement of B to-
gether with the other parameters in a thin-disk laser ex-
periment at high power would be welcome.

The results above apply to both the continuous and
quasi-continuous regimes of operation discussed by [12].
Similar scaling laws take place for the storage of energy
in the active medium for the pulsed operation. Such an
analysis should be the continuation of this work.

APPENDIX A: OUTPUT POWER IN
DIMENSIONLESS VARIABLES

In this Appendix we represent the normalized output
power and sizes L and & of a disk laser in terms in terms
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of round-trip gain g and transverse-trip u, at a given nor-
malized pump p and given loss B. The output power [12]
can be expressed with

P,=1,(P - Py). (A1)

The threshold power can be expressed as
L T,
Py =——=GL*Q—. (A2)
T 2 T

For the high efficiency, the pump power should be close to
the maximal power allowed by the overheating limit. In
other words, the size and thickness should be adjusted in
such a way that the power P, is close to the maximal al-
lowed by the overheating. This gives the relation

RL?*/h=P,, (A3)

where R is the thermal loading parameter. Its value can
be in the order of several watts per millimeter for
Yb:YAG.

The direct maximization of expression (Al) with ex-
pression (A2) leads to complicated equations, which would
allow only a numerical solution. To get the scaling laws in
compact form, we use transversal gain g=2Gh and round-
trip gain u=GL as independent parameters. Equations

L? P, L 2u
—=2, Z=5 (A4)
h R h g
allow to express the sizes as follows
gP, g°P
=—, =—. (A5)
2uR 4u“R

The substitution of the expression for L into expressions
(A1) and (A2) gives

o))
Po=m|1-— )| Py . (A6)

TRl

Using dimensionless variables p and ¢ by Eq. (3) we ob-
tain Eq. (4).

APPENDIX B: OPTIMIZATION OF DISK
WITHOUT ANTI-AMPLIFIED
SPONTANEOUS EMISSION CAP

In this Appendix we maximize Eq. (4) for the case without
the cap, assuming 7,/ 7=exp(u). This Appendix basically
follows the deduction of [12]. The only difference is that
here we represent the results in a form that shows the
scaling laws, which can be easily compared to those for
the disk laser with the anti-ASE cap, considered in Ap-
pendix C.
The maximal output corresponds to u=2, then

=11 E 253 (B1)
§= _g p-p 16g .

The maximization with respect to g leads to the equation
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B ¢? .
£Bg-2p 16" &4

which is equivalent to Eq. (15).

APPENDIX C: OPTIMIZATION OF DISK
WITH ANTI-AMPLIFIED SPONTANEOUS
EMISSION CAP

In this Appendix, we maximize Eq. (4) for

To g
—=1+—e", (C1)

T 2u

which corresponds to the effective lifetime by Eq. (1). Set-
ting the derivatives of s with respect to « and g to zero, we
get the equations

4ye™ 2g*p(2e%g + 3u)

B. (C2)

u-3 & 3e“g*p + 4g°pu + 8u® -
The combination of these equations leads to Eq. (5).

APPENDIX D: MAXIMAL POWER AND THE
ASYMPTOTIC ANALYSIS

Consider the case when the source of the pump can pro-
vide the pump sufficiently, then we consider dimension-
less p as the optimization parameter. Equation (4) is qua-
dratic with respect to p. This makes the first step of the
analysis of the maximal power straightforward. Then, in
the case without the cap, it leads to the simple represen-
tations in Eqs. (19)—(21) considered by [12].

For the case with the cap, we do not count the opti-
mized parameters with simple representation in terms of
elementary functions. As the estimates are qualitative
anyway, it is worth suggesting the asymptotic expansions
for the maximal output power achievable, and suggesting
the corresponding estimates of the corresponding param-
eters of the laser. We do it in this appendix, assuming a
small loss B<1.

In searching the maximum of Eq. (4) with respect to p
at Eq. (C1), we find

43 2(g - pu®

S D1
P ge'g + 2u) (b

§=—————.
g*(e“g +2u)
The maximum of s with respect to u and g corresponds to
4e™"u

2g(e"g + 3u)
u-3 -

B, (D2)

’ be'g+8u
the first of these two equations is the same as in Eq. (C2).
The combination gives

2ue™(Bu-1)

-3 " (D3)

This expression is used to make a parametric plot of the
maximum power achievable at a given B, or a maximal g,
at which a given power s still can be achieved using u as
a parameter (Fig. 6). Similar parameterizations were
used to plot other graphs. In this sense, the maximization
of Eq. (A6) is exact. For estimates of the optimized param-
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eters with elementary functions we assume a small loss
B<1. The expression (D3) can be rewritten as

3 1-1/(3u)

el =— , (D4)
B(1-1/(2u))(1-3/u)

3 1 1 3
u=ln—+In|l-—|-In[1-—)-In|1-—.
B 3u 2u u

(D5)

or

We see, that e=1/In(3/8) can be used as the expansion
parameter. Iterating, we find u=0(¢!), then u=g!
+0O(g), and so on. One can calculate several terms of such
asymptotic expansion, especially with the help of some
software for analytical calculus, such as MAPLE or MATH-
EMATICA. Both were used to verify the expansions. In trac-
ing expressions of all parameters in terms of z and replac-
ing u with its asymptotic representation, we get estimates
(9)—(14). Figure 5 shows that even the single leading term
of the expansion for the maximal power gives a relatively
good approximation: the thin circles (which corresponds
to the leading term of the expansion) are close to the thick
circles (which corresponds to the accurate numerical solu-
tion).

Within our approximation, there is no reason to get a
more precise evaluation of the maximum of s as a function
of p, u, g, with B8 as a parameter. The estimates remain
qualitative anyway. However, we expect our estimates to
catch the essence of the phenomenon and give the correct
scaling laws for the thin disk lasers.
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