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Introduction

The quantum-mechanical model of the interaction of atoms
with the field has been studied in papers {1. 2]. These papers
present some'arguments in favour of the aﬁ?licability of such
modéls. Not analysing the applicability of the rotary wave
approximation and the problem of m%king . the effective
Hamiltonian to be dimensionless, we shall assume that the
velocity of light and Plank constant are egual to 1 and modes
inferactiﬁg efficiently with the atomic system have been
- selected in the field, and corresponding coupling constants

have been calculated For brevity, this atomic system Wlll be
called;slmply an "atom” .although,-qf course, it can be an ion,

‘molecule aad\sore complex cluster.
: ©F even o

We shall assume that atom and field are described by the

_Hamlltonlan
H,= [ et akdk — Eutu + Foto, (1)
: and thelr interactlon is deqcrlbed by the. Hamiltonian

Hl--j‘n(a+w+u+aku w)dk+_f§(akw v+ apy w)dk+ (2)'

+ jﬁ(akv w4 ap v)dh

- where, ‘
afap--apah=6(k—p) w w+tvw+=1,,

uty - uu+ =1, vtv + w* = 1, (3)

and all other commutators a. a’, u, ut, v, v, o, W are equal

to zero.
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Fig_l. Diagram of atom levels.

Hamiltonian H = H, + Hi deacribes é@hree-levéL' atom
interacting with continuum of field modes® each. of these modes
can be treated as a harmonic oscillator. Fig.1 presents the’
diagram of the atom levels. Parameters 7, £, § in (2) are the
coupling constants. In the approximation ofnarrow spectrél
lines the y are considered to be indeﬁeﬂdent on k. It will be

clear below that P,=rP0 + Plzz Zﬁnz + 2mE2, U2:=:2W§2 are the

decay rates of u and V levels.

In this paper we shall restrict our consideration to three
gpecific cases when one of the constants'ﬂ, €. L is zero. This
' means that the direct transition between one pair of levels is
fofbidden,min this case one can obtain the Séhrodinger_equation

solution by the Weiéscopf method (3]

idW/de m-}f‘lf | (4)

 in the visible analytic form.
1. A-TYPE TRANSITIONS (THE CASE OF { = 0)
At { = 0 the atom relaxes from u level to one of the

stable levels w or v emitting one photon. It is convenient to
search the equation (4) solution in the form

W =h e |0y + [ g (e Vafppt [0y dg +  Ja ()X
X a;,'}Ew"'IO) dq, 1 A (5)

where |0> is a vacuum, i.e. ak|0>:= ul0> = Vio> = W]o> = 0.
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Substituting (5) into (4) we obtain the syéfem“

idhydt = [ (nf + Ego) e~ Vdg,

idgy/dt = Ehele, idfy/dt = nhetat. (6)

'For the initial condition h(0) =-1, g (0)y = 0, f (0) = 0 (which
corresponds to the decay from the upper excited state) the system

has a solution in the Weisscopf approximaton

h = exp{— (T12)t},

o d—exp{lig—T/2 1, . A—exp{g—T/2Y (7
where I' = Ty + I'\, Ty = omn?2, P1'= omt 2.

In the limit t + ® the photon emitted at the transition
from u level to one of the lower levels has a spectrum in the
form of the Lorentzian bell-like profile localized near energy
'E in the case of transiton to the lower level and near energy

" E - F in the case of transition to the intermediate level.
These bells have the same width which is determined by the total
decay rate I'. The relation between I and I' determines only
relative areas of these bells, i.e. probabilities of atom

transitioné to levels W and V.

Note that a;w+|0> apd‘a;U+]0> _ states are not identical
and, hence, the interference between the two Lorentzian
profiles does not occure even in the case when they overlap.

" 9. V-TYPE TRANSITION (THE CASE OF ¢ =

) Thié case 1s interesting when E & F and the upper levels

- overlap otherwise, the second level will in no way manifests
itself at the transition fron the upper level and the spectrum
of the photon emitted will be determined by a single Lorentzian
profile Therefore, at £ =0 it would appear reasonable to seek

the soluton of (4) in the form
W =h(t) e—tEfy+ ] 0> + 2() e—ifip+ ] 0> 4+ Ifg (t)'é"i(0+q)iw-l_- | 0'>, (8)

wheré G = (E + F)/2. Substituting (8) in (4)., we get the system
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idhjdl = j“l]fa exp{—i(g + &)!}dq, - (9)

idg/dt = | Lfq exp{— ig — )t} da,
idfy/dt = nhexp{i(qg—e)t} + tgexp{i(g + &) th

where € = (E -~ F)/2. Let t (0) = ¢. Then in the Weisscopf

approxlmatlon the solution of system (9) has the form

h=p-((R- + ¥+ ie) k (0) + ]/_g((])) (#++1_a)t | o
o ((By + 7+ i) (0) + VP2 (0) e,
g=p-(VBLO) — Ry + 7+ ie) g (0) p(BE—iE)E
—p (V.——h O —(R-+v+ie)g (0)) e(B——te)
o (RO~ (B8O () nriay

V.’I—t Ry ig
p (R__—-ia)h(())-—-—(R_—l—ie)g(O) ‘R__ig)t
T V= R T (1~ €=,
i where
p=(R-— Ry Ry = --(v+ﬁ)/2i[(v+ﬁ)'/4——82+¢8(? 1))
10b
v =qn? =TI,2, p=n = ['y/2. ( '
'In the llmlt ot 1nterest to-us t +
k(0 —_ {
1N {g-1¢) (l)-H:(q P)E(J) (11)

Jo=— (R Fig(R_T )

At the transition from the upper excited state, the
specural curve has .a hole (theoretically to zero) localized at
the place of the second excited state. Fig.2 shows the
characteristic form of such a curve. The curve is based on '
formulas (10b), (11) at h(0) = 1, g(0) =0, T = 28§, g = 0,35
If the initial condition is given in the fofm of superposition

of two excited states, one can obtain the superstable state when

rO=—eO VER. =V ST (2

and the superradiating state when

_ _ . . W 2 .
L (0)=g(0) V p/ys fq'—l/ \,+l;(;g++iq)(;:_+iq)'_ (12b)
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In the case of B & 7 » £ the emission spectrum width differs
essentially from B, 7. Conversly, at € » [, 7T the spectrum
takes the form of superposition of two nonoverlapedrbells with

half-widths f and 7.

Let us discuss the possibility. of the experimental
realization of such systems. For the Hamiltonian (2) to be
applicable, it ie important that both excited states would
interact with the same modes of the field. The system of two
similar ions in a Paul trap (see [4}) can bhe an appropriate
simulation of such an atom in the case when +the distance
between ions exceeds substantially the atomic scale (on order
of 10“8 cm"l)' but is considerably less than the emission
wavelength (for_éxample, on order of 10-4 cm-l). Neote that
superradiating pairs of atoms similar to the (i2b), case were
described in [5]. Some problem coneists in exciting only one of
_ﬁwo close atoms (ions): the wusual T pulse will excite
efficiently both ions. The problem may be avoided using the

difference between the coupling constants N = Y]/ and { =

" The same quasi-classical wave package may be (Zm + 1)T
~pulse for one level and 2nT pulse for another one.

If the splitting of the upper system levels is caused by
the external (classical) field, ome can preparé a s&étem in the
excited state in a strong field (when levels do not overlap)
and then attenuate_adiabatically the external field and observe

the relaxation.
In thizs case the emission spectrum of such excited system .

will resemble Fig. 2.

A\-L@F

‘Fig.2. Form of the
ed emission spectrum
at the decay of the upper

excited state by the v-type -
scheme constructed the '
formula (11) at 7 = 2€,

6 = 0.38, g(0) =0, h(0) =1

expect
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3. CASCADE TRANSITION AND.FREQUENCYeTEMPORAL 0SCILLATIONS (THE
CASE OF M) = 0) ' '

At 1 = 0 only twquhoton decay may occure. In this case it
is convenient to seek the solution of Eq.(4) in the form

¥ = h(t)e~Eut]|0) + 3‘ gr () e~ HF+Rtta {0 dk + (13)
1+ [ [ fup@ e-ireniaf gt | 0) diedp. |

The subastitution of (13) to (4) gives

idhjdt = | tgyoxp (I(E — F — B)1} dk, | (14)
idgyjdt = j Efup) T o 0xp{i(F — k) ) d Pt thexp{— (& —F —#k)t}, (13)
idfy,pldt = pEgn exp‘{-_— i(F—k)ty+ (1— p)igpexp{—i(F — p) 3,  (18)

where {4 is an arbitrary parametér- It is convenient to assumne
the equality fk p = fp K to fit it to (16) one should assume M

= 1/2.

- Decay from the ﬁpper level corresponds to the initial

' éondition ‘ _
| B(O) =1, £1l0) = fap(0)="0. (17)

* The Weisscopf so;ution of thé system (14) - (17) has.the form
k() = exp{— at}, : - (18)
gn() = —iR(exp{i(k —E + F)t — at) —exp{—Bt}) C19)

fuplt) = YoFhegiro—r{t) + Yo fo—rtFa—r(t)
where R = El(ik + a — B), a = ak® = /2, p=natt="Ty2, (20)

~ _ pi—exp{ligtir—a)t} 1 — exp {{ir—f)t}
fg,r(t)‘—R ig-+ir—a —R ir—f t (21)

" The distribution of emitted photons is determined by the

function ,
C Ge=linTa 0= e .
f-so0 (g 4 ir— @) (ir —B) (22)

2

One can measure Ifq rI using the spectral instrumeﬁt.
>

" The Fourier transform module squared
ﬂ 1 o N '
) =5 fexp {— igz — iry} fordgdr=

— Voo —desp(—om—Bu—=)
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can be measured by recording the time when emitted photons
reach detectors. The meaning of formula (23) is clear: at first
the upper leével u decays with the rate of Pl = 200 and then the
intermediate level ¥ decays with the rate of I'; = 2f. One can
check that the normalization has not been lost:

§ {1 Taragdr = {17 p)Pdzdy.

15 @I
-<f__
R S =N

Fig. 3. The probability density of registration of the
second photon at the instant of time y provided that the <first
photon has a frequency shift q (a curve 1) constructed for the

. case Pl P =T by formula (25); a curve 2 corresponds to the

envelope 2 (P/q) e Ty

It is of more interest is the case when the first photon
of energy of E - F order arrives at the spectralA instrument,
while the second photon (with the energy of F or&er)' falls
directly on the detector. After a seguence of tests such a
scheme measures the function modulus sqﬁared

e—iwvf,  dr.

Tq (y) 'l/dn
Pefforming an integration one obtains

(em—ir '
@) 2= m (8""‘“” + e—20y — 2e~(@+BWcos (qy)) (24)

at @ =Pf (Iy =T, =T) the fornula (24) is simplified:
fo)? = (2m)~}(T/g)%e~T¥(1 — cos (qy)). (25)

This function is bresented' in Fig. 3. The noscillation .
period is determined by the first photon frequency shift ¢ = k
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- (E ~ Fi. One may say in some sense that there are beats
occuring between the atom state and that of the field with
slightly different energy.

The oscillating behaviour of the two-photon wave . function
may be explained on the basis of nearly classical arguments.
Suppose the reduction of the two—-photon wave package occures at
the second photon registration. In this case the first photon 
is emitted in a short time interval. The appropriate classicél
oscillator emits the wave package during 0 £ t < y time
intefﬁal; then - the Fourier .component amplitude ith the

frequency shift q is proportional to

e ly) = fé*“ dt = (1 — elv)/(iq). | (26)

0
(lassical spectrum ICQ(V)IZ determined by formula (26) involves
" the same oscillating factor (1 - cos(gy)) as in the quantum'

theory (the fbrmula (25)).

Correlatons between photons emitted at the cascade
transition may be considered as a  realization of the
Einstein-Podolskii~Rosen paradox (for noncascade transitions

this paradox is described, for example, in (61).

Note that distinction between F and E - F energies is not
necesasary if the photons involved can be dlstingulshed by other
characterlstlcs, for example, by polarlzatlon. 1f the
polarization is the same then photons have to be of “different
colors”, otherwise one can not say that one of +the photons is

"the first" and the other is "the second”.

_ Few words can be said on the preparation of an atom in the
- excited state. This may be'done.either by two short T pulses at
F and E - F frequencies (or by the eguivalent pulse on th@
" freauencies mixture) or by relaxation from the forth (higher
than u) atom level with an obllgatory registration of the
photon emltted at the relaxation (the photon must turn the
‘¢lock on to registrate the moment the last photon is emitted).
Hence. the latter case deals with three-photon correlations.
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CONCLUSION

The spectral distribution of photons emitted at the
elementary decay of simple gquantum-mechanical system was
studied by an example of three-level atom. Even the rotary
wave approximation allows to trace the influence of two close
" (neighbouring) levels on the emission spectrum. If there are,
at least, two emitted guanta then a certain correlation between
them occures.'Similarﬂconsideration may be performed in the
case of many levels: if all cascades formed. by thé' allowed

transitions involve the same pumber of transitions then the
solution may bé obtained in the approximation of a. certain
number of quanta. The more general case when multi-guantum
| states are admixed (for example, at M # O, £ =2 0,0 2 0)
requires a special consideration. From the physical results of

the paper one may set aside the followingr

1. At the decay of one of the nearby levels connected with
the ground state by the identical transitions, the hole appears
in'the spectral curve corresponding in frequency to thé other-
level (see Fig. 2). The hole can shift at the decay of the
su?erposition -state (Eq.(ll)i, To study such dependences -
| experimentally the special preparation of superpositional

states is necesgsary.

_ 2. At the cascade - decay of phree—level ‘system_ two
emitted photone are correlated in a certain way, the moment of
the second photon fégistration is correlated specifically with
the energy of the first photon. This relation is described by
. Eq. (25) and illustrated in Fig. 3. It can be detected with the
coincidence curcuit. It would be interesting to observe the
oscillations, as at Fig.3, in-the experiment "with dongasin a -
trap_ V . - . . ) F‘.r/atom 5”
The author thanks &. V. Masalov, S.M. Rharchev, and V.A.
~ Shcheglov for useful discussions and interest to this work.
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ABSTRACT
The quantum-mechanical system (atom + field) is considered .

under assumption that one level is gonnedted with two others by
solutions of the Schrodinger

radiative transitions. The
equation are analyzed. The large-time limit of the solutions

determines the distribution of the emitted photons. In sSome
conditions this distribution has a nontrivial structure. Some
ways to observe this structure in an experiment are discussed.
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